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REGRESSION-CASE STUDY Forecasting

• Prediction of Log(Price) using the smaller model:

] œ  ß IÒ Ó œ !ß µ Í IÒ] l Ó œB , B B ,s sX X
! ! !% % % RÐ!ß Ñ5

C œ B , ¸ "Þ%)*!(s sX
! is both a prediction for r.v.  and mean ] IÒ] lB Ó!

Ð"Þ$!"ß "Þ'((Ñ is , no prob. interpretationconf. interval for true mean IÒ] lB Ó!
Ð"Þ"!)ß "Þ)(!Ñ is , with prob. interpretationpred./cred. interval for r.v. ]
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REGRESSION-CASE STUDY Forecasting

1.109

1.301

1.489

1.489 1.677

1.870

0.00 0.50 1.00 1.50 2.00

LOG(Price)

2.5% Quantile 97.5% QuantileMedian
Mean2.5% Conf. Limit 97.5% Conf. Limit

LOG(Price)

E[LOG(Price)]

Observe the Median and the Mean are of the same value! Why?

] œ  ß IÒ Ó œ !ß µ Í IÒ] l Ó œB , B B ,s sX X
! !!% % % RÐ!ß Ñ5
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REGRESSION-CASE STUDY Comparing Models

Suggestion: Capture interaction effect using an interaction term

691ÐTVMGIÑ œ ,  , IPIZ EXMSR  , WI[IV  , HEXI! " # $

 , JPSSH  , GSYRX]  , ÐGSYRX] ‚ IPIZ EXMSRÑ% & '

When  GSYRX] œ ! the above equation reduces to

691ÐTVMGIÑ œ  IPIZ EXMSR, ,! "

 , WI[IV  , HEXI  , JPSSH# $ % .

When  GSYRX] œ " the above equation reduces to

691ÐTVMGIÑ œ  IPIZ EXMSRÐ,  , Ñ Ð,  , Ñ! & " '

 , WI[IV  , HEXI  , JPSSH# $ %

Thus,   the interaction effect here allows for different intercepts
 and slopes by counties.
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REGRESSION-CASE STUDY Comparing Models
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Residual Plots for Log(Price)

Normality and independence assumption of residuals seem reasonable.
(although we can observe one outlier)

/ ¸ "Þ(#ß ¸ "Þ!#  # (Î$" ¸ !Þ*& Ê‡
#2 DFIT Should be checked.



EMSE 4765/6765 Lecture Notes J.R. van Dorp;  ; Page 9dorpjr@gwu.edu

REGRESSION-CASE STUDY Comparing Models



EMSE 4765/6765 Lecture Notes J.R. van Dorp;  ; Page 10dorpjr@gwu.edu

REGRESSION-CASE STUDY Comparing Models

Is the improvement in  from % to %the V#-values ('Þ( )#Þ#
(a jump of about %) statistically significant&Þ%  ?

• When the simpler model description is  thecompletely contained within
description of the larger model, we can perform :an -hypothesis testJ

Explanatory Variables in the full model
County Elevation Sewer Date Flood County*Elevation

Explanatory Variables in the restricted/small model
Elevation Sewer Date Flood

Conclusion: All variables of small/restricted model are variables in the full model
and "the increase in R2 test" an be perfromed

L À L À! "No model improvement , Model Improvement
V À V V À V

.0 À
0

0

# # # #-value of , -value of 
Degees of Free

the full model < restricted model
dom of  in 

Degees of Freedom of  in 
Residual/Error Term
Residual/Error Term

full model
.0 À

J œ
ÐV  V ÑÎÐ.0  .0 Ñ

Ð" 

<

< <

restricted model
0 0
# #

V ÑÎ.0
µ J

0 0
# Ð.0 .0 Ñß.0< 0 0
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REGRESSION-CASE STUDY Comparing Models

Full Model
R Square 82.20%
Degrees of Freedom 24

Small Model
R Square 76.77%
Degrees of Freedom 26

Value Df
Numerator 0.0272 2

Denominator 0.0074 24
F-Statistic 3.663

α 5%
Critical Value 3.403
Conclusion Model Improvement

p-value 4.09%
Conclusion Model Improvement    

• %, %, -statistic .V œ )#Þ# .0 œ #%ßV œ ('Þ( .0 œ #' Ê J ¸ $Þ''$0
# #

0 < <

$Þ''$  J ¸ $Þ%!$ Ê J & J µ J#ß#%ß!Þ*& #ß#%-statistic observation in % tail of 

   Reject  in favor of Conclusion: L L! " and an improvement in the model is
detected in terms of the increased -valueV# Þ

• This test requires acceptance of   for bothnormality assumption of residuals
models!

• This test is usefull when small increases in are observed, but V# it requires
that .the smaller model to be nested in the larger model
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REGRESSION-CASE STUDY Comparing Models

However, the improvement in and reduction in the Standard Error (SE)V#

here comes at a cost! Note the increase in VIF Factors of the coefficients:

Conclusion: While the standard error in the residual error term has reduced
from to !Þ"'"" !Þ"%'), the uncertainty in standard errors of
the coefficient estimators have increased.
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REGRESSION-CASE STUDY Forecasting

•  in the coefficients and the residuals contribute toBoth the standard errrors
the standard error of the prediction, i.e. its uncertainty. For the 247 acres
property at hand we have:

 
Prediction interval width is now: "Þ')&")  !Þ*$'#)% ¸ !Þ(%))*'
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REGRESSION-CASE STUDY Forecasting

• Prediction of Log(Price) using the smaller model:

Prediction interval width was: "Þ)'***  "Þ"!)"' ¸ !Þ('")$

Conclusion: Prediction interval width of the smaller model is larger than the
prediction interval width of the full model despite the large VIF factors.

Thus continue to predict\forecast with the full\larger model!
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REGRESSION-CASE STUDY Forecasting
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Conclusion: Prediction interval width of the smaller model is larger than the
prediction interval width of the full model despite the large VIF factors.

Thus continue to predict\forecast with the full\larger model!
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REGRESSION-CASE STUDY Forecasting
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Observe the Median and the Mean are of the same value! Why?

] œ  ß IÒ Ó œ !ß µ Í IÒ] l Ó œB , B B ,s sX X
! !!% % % RÐ!ß Ñ5
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REGRESSION-CASE STUDY Forecasting

T<Ð Ÿ lB Ñ ¸ &! Í T<Ð"! Ÿ "! lB Ñ ¸ &!

Í T<ÐT<3-/ Ÿ #!%&#lB Ñ ¸ &! T<3-/

P91ÐT<3-/Ñ "Þ$"!($ ! !

!

% %
$ % ( Recall was measured in $000's)

P91ÐT<3-/Ñ "Þ$"!($

Hence: $  is #!%&# the median estimate for the Price per Acre

Thus we have here that: Q/.ÒP91ÐT<3-/ÑÓ œ P91ÐQ/.ÒT <3-/ÓÑ

95% Confidence Interval
LB E[LOG(PRICE)] 1.09076
UB E[LOG(PRICE)] 1.53070

Approximate 95% Confidence Interval
LB E[PRICE] $12,324.22
UB E[PRICE] $33,939.08

95% Prediction Interval (or Credibility Interval)
LB LOG(PRICE) 0.936284
UB LOG(PRICE) 1.685175

95% Prediction Interval (or Credibility Interval)
PRICE $8,635.44
PRICE $48,436.78      
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REGRESSION CASE STUDY Forecasting
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Approximate Conf. Limits because LOG is not a linear function

These are approximate Confidence Limits since we know:
IÒP91ÐT<3-/ÑÓ Á P91ÐIÒT<3-/ÓÑ

How do we get? $IÒT<3-/l Ó ¸ ##ß $"'s B!
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REGRESSION-CASE STUDY Forecasting

] œ  ß IÒ Ó œ !ß µ RÐ!ß WIÑ Ê IÒ] l ÓB , B œ B ,s sX X
! !!% % %

Z Ò] l Ó œ Z Ò Ó  Z Ò Ó Ê Z Ò] Ó œ ÐWI Ñ  ÐWI ÑB B ,!
X
! % J3> V/=3.?+6=

# #

œ  Ð Ñ œ Ð ÑÐ!Þ"!'&)!Ñ# # #!Þ"%')# !Þ")"%#'
Summarizing:

IÒP91ÐT<3-/Ñl Ó œ "Þ$"!($ œ ß

Z ÒP91ÐT<3-/Ñl Ó œ Ð Ñ œ
Ê IÒT<3-/Ó œ "!

B

B
!

!

.

5!Þ")"%#' # #
P8Ð"!Ñ‚. 5#

#

IÒT <3-/Ó ¸ "! ¸ ##Þ$"' Ð ‚ "!!! ¸ ##ß $"'ÑÞ"Þ$""#Þ$!#‚Ð!Þ")"Ñ#

# $ $

Note the following formula in the book is wrong: IÒT<3-/Ó œ "!.
5#

#
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REGRESSION CASE STUDY Forecasting
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Conclusion: Prediction interval width of the smaller model is larger than the
prediction interval width of the full model despite the large VIF factors.

Thus predict\forecast with the full\larger model!
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REGRESSION-CASE STUDY Optional - Forecasting

• The variance of the term , where is the estimator vector of theB , ,X
!    

coefficients, is estimated by  and is referred to asWI ‚B Ð\ \Ñ B# X "X
! !

the sampling error. WI Þ is the standard error of the residuals

•  :A % confidence interval for the mean  is"!!Ð"  Ñ IÒClB Óα !

B ,sX
! „ > ‚8:"ß" Î#α WI ‚ ÒB Ð\ \Ñ B Ó X

!
X "

!

B ,sX
! „ > ‚8:"ß" Î#α ( )!Þ"!'&)! œ Ð"Þ!*!('ß "Þ&$!(!Ñ

  Standard Error : sample standard deviation of the residuals.
  : values of the explanatory variables for which you would to forcastB! 

the dependent variable .C
   : The estimates of the regression coefficients.,s
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REGRESSION-CASE STUDY Optional - Forecasting

• The variance of the residuals is referred to as .  TheWI# the model error
variance of the prediction is ] œ B ,X

! % the sum of the sampling error
and the model error (there is independence between the two terms).
Z +<Ð] lB Ñ œ 

œ  Ð Ñ œ Ð Ñ

!

# # #

(Standard Error)# X X "
! !‚ ÒB Ð\ \Ñ B Ó

Ð!Þ"!'&)!Ñ

(Standard Error)#

!Þ"%')# !Þ")"%#'

• A % prediction interval for the random variable  is :"!!Ð"  Ñ ÐClB Ñα !

B ,s

B ,s

B

X
!

X
!

!

„ > ‚

„ > ‚

8:"ß" Î#

8:"ß" Î#

α

α

Z +<Ð] lB Ñ

Ð!Þ")"%#'Ñ

! œ Ð!Þ*$'#)%ß "Þ')&")Ñ

œ Ð!Þ*$'#)%ß "Þ')&")Ñ

: values of the explanatory variables to forcast the dependent variable .
: The estimates of the regression coefficient.

C

,s
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REGRESSION-CASE STUDY Optional - Forecasting

•  the value  is both an estimate of Summarizing, C œs sB ,X
! the random

variable Ð] lB Ñ! , but also of its expected value .IÒ] lB Ó!

• When describing the uncertainty in the estimate for , one only has toIÒ] l ÓB!

account for , leading to  the uncertainty in the regression coefficients a
confidence interval for .IÒ] l ÓB!

• When describing the uncertainty in the random variable  one has toÐ] lB Ñ!
account for both andthe uncertainty in the regression coefficients  in the
residuals, leading to  for .a prediction/credibility interval ÐClB Ñ!

• The vector is an  for the regression coefficients, where, estimator -vector
, µ QZ RÐ , \ \ For its variance-covariance matrix estimatesß Ð Ñ ÑÞ5# X "

we have , where is .DsÐ Ñ œ WI Ð Ñ WI, \ \# X " the residual standard error

• From the above it follows that:

Z +<Ð] l ÓÑ œ WI ‚  " œ Ð Ñs B B Ð\ \Ñ B! !
X X "

!
# #  !Þ")"%#'
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REGRESSION-CASE STUDY Optional - IÒP91Ð] ÑÓ

• It is known that:for the natural logarithm P8Ð † Ñ

\ µ PRÐ ß Ñ Í P8Ð\Ñ µ RÐ ß Ñ Ê IÒ\l ß Ó œ /. 5 . .B B5 5B B
.B Î#5B

#

Ð"Ñ

• It is known for that:the logarithm with base P91Ð † Ñ "!

P91Ð] Ñ œ Í P8Ð] Ñ œ P8Ð"!Ñ ‚ P91Ð] Ñ
P8Ð] Ñ

P8Ð"!Ñ
Ð#Ñ

• Hence from ,Ð#Ñ P8Ð] Ñ is linear transformation of P91Ð] Ñ À

P91Ð] Ñ µ RÐ ß Ñ Ê P8Ð] Ñ µ RÖ ß × Ð$Ñ. 5 P8Ð"!Ñ ‚ . P8Ð"!Ñ ‚ 5

• With  in and it now follows that:the expected value expression Ð"Ñ Ð$Ñ




. .C

P8Ð"!Ñ

œ P8Ð"!Ñ ‚
5 5C

P8Ð"!Ñ

œ P8Ð"!Ñ ‚
Ê Ð%Ñ

IÒ] l ß Ó œ / œ /

œ /

œ "!

. 5 . .C Î# Ö × Î#

P8Ð"!Ñ
P8Ð"!Ñ Î#

P8Ð"!Ñ Î#

5 5C
# #

#

#

‚ ‚

‚

‚

 . 5

. 5
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